Introduction
We are interested in the situation of a salesman who must travel from an origin o to a destination d in a potentially congested transport network. The variations in traffic conditions imply that the travel time between any two points in the network can vary over the day. Instead of losing time in the traffic, the salesman can avoid peak hours by delaying his departure or stopping at specific places to perform other activities that will be useful to him or his work. If he does not have a strong constraint on his arrival time and if he can valorize the time he spends waiting for better traffic conditions, only travel time is wasted. Therefore, the salesman's objective is to minimize total travel time.
Some references
Route planning in congested transport networks is classically formalized as the search for a shortest path in a time-dependent network. Due to this natural application, the time-dependent shortest path problem (TDSP) has been the subject of active research since its introduction by Cooke and Hasley in 1966 [1] . In particular, the study of the algorithmic complexity of TDSP has raised subtle issues from the beginning. For instance, Dreyfus [2] presented the first polynomial algorithm for the search of a shortest path in a graph where arc costs are positive and integer-valued functions of time. However, as discussed by Kaufman and Smith [5] , this result implicitly assumes that the cost functions (i.e. the travel time functions) are consistent. This property, also referred to as FIFO (first-in first-out), expresses that one cannot reach the head of an arc earlier by departing later from its tail. Actually, it so happens that if we alleviate the consistency assumption, it is possible to build a time-dependent network where the shortest path is infinite, as shown by Orda and Rom [7] . Finiteness of the optimal paths can be guaranteed by imposing a positive constant lower bound to arc travel time functions, but Orda and Rom [6] observe that the problem remains N P-Hard. This statement is proved by Sherali et al. [8] by reduction from the partition problem.
In close connection to the topic of consistency is that of waiting at the tail of an arc before traversing it. The possibility of waiting has first been investigated by Halpern [4] in inconsistent networks. In his work, inconsistency arises from the existence of time intervals where departing from a node is forbidden, and waits stand for parking periods. Orda and Rom [6] continued Halpern's work by considering two different waiting models : unrestricted waiting, and source waiting. In the unrestricted version, waiting is allowed everywhere without restriction, but the arrival time is minimized, which means that waiting time is counted. Interestingly, the problem can then be solved in polynomial time if sufficiently simple travel time functions are considered (e.g. piecewise linear functions with constant numbers of breakpoints). As argued by Foschini et al. [3] , the problem is then equivalent to the consistent case, since one can always wait at the tail of an arc as long as it reduces the arrival time at the head of the arc.
Our contributions
The main focus of this work is on the complexity of the TDSP with discounted waits. Our findings reveal that this small shift from classical assumptions yields complex issues with that respect.
Our first result is in the observation that the problem may not be in N P, since optimal paths may contain a number of arcs that is not polynomially bounded. We show that despite this, a mild assumption on the right derivatives is sufficient to guarantee that the optimal paths have a compact representation that yields membership to N P. Using a reduction from the partition problem, we then show that the problem is N P-Hard even if the graph is acyclic and the slopes in the pieces of arc travel time functions are restricted to the values −1, 0, 1.
A more detailed study leads us to consider both integer and real-valued waiting times. We show that the two problems are equivalent if the slopes in arc cost functions are all integer. But a counter-example highlights that this is not true in general, even if the intervals defining the pieces of the arc travel time functions are integer. Nevertheless, we can bound the ratio between the optimal values of the two problems if the arc functions are lower bounded by a common value min . This result is meaningful, because we develop a label setting algorithm that finds an optimal path in pseudo-polynomial time if waiting times are restricted to integer values. If n and m are the numbers of nodes and arcs in the graph and W the allowed waiting time, the algorithm runs in O(mW 2 + nW log(nW )). As an alternative to this approach, we develop a fully polynomial-time approximation scheme (FPTAS), valid under the assumption that the ratio of W to min is bounded by a polynomial of n, α(n). The scheme is valid for both integer and real-valued waiting times.
We conclude our study with an analysis of two harder variants of the problem. In the first variant, we relax the consistency assumption, and in the second one, we consider a stronger constraint on the waiting times at each node. In both cases, the problem ends up being not approximable, and we show the strong N P-Hardness of the latter case.
